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AHHOTaiJ,HH 



We obtain an estimate of the deviation of de la Vallee Poussin sums V n ^(f;x) 
from continuous functions /, expressed in terms of values of theirs modulus of 
continuity. It is established that this estimate can't be improved by using the well- 
known analogue of the Lebesgue inequality for de la Vallee Poussin sums. 

IlojiyueHa ou,eHKa yKjioHeHHH cyMM Bajuie HycceHa V n ^(f; x) ot HenpepbiBHbix 
cbyHKiiHH /, Bbipa»caeMaa uepe3 3HaueHHH hx MOflyjieit HenpepbiBHOCTH. YcTaHOBjie- 
ho, uto /i,aHHyio on,eHKy Hejib3H yjiyumnTb nyTeM Hcnojib30BaHHH H3BecTHoro aHa- 
jiora HepaBeHCTBa Jle6era pjm cyMM Bajuie IlycceHa. 



06o3HauHM uepe3 C npocTpaHCTBO HenpepbiBHbix 27r-nepHO,zrHHecKHX cbyHKHHH 
f(x), b KOTopoM HopMa onpeflejmeTCH paBeHCTBOM ||/||c — max|/(x)|. 

x 

B po6oTax [1] h [2, c. 33-35] Bajuie hlycceHOM 6bijih paccMOTpeHbi cyMMbi 



rflis Sk(f; x) — uacTHaa cyiiMa Oypbe nopa/pca k 27r-nepHO,ziH T iecKOH qbyHKUHH f(x). 
Mm jKe 6bijio ^oKa3aHo, uto 




n-l 



(1) 



k=n—p 




(2) 



me 



E m {f) := inf \\f{.)-t m ^{.)\\ c 



Pa6oTa ^acTHHHO no/mepscaHa rocyu,apcTBeHHBiM cpOHflOM cpyH,n,aMeHTajibHi>ix HCCjieflOBa- 
hhh YKpanHbi (npoeKT $35/001) 



— HaHjiyninee paBHOMepHoe npn6jiHJKeHne (pyHKinni / G C TpHroHOMeTpnuecKHMH 
nojiHHOMaMH t m -i, nopa^oK KOToptix He npeBbiinaeT m — 1. 

Bnocjie^cTBHii, cyMMbi BH^a (1) nojiyunjiH Ha3BaHHe cyMM Bajijie IlycceHa. KaK 
cjie^yeT H3 (2), b cjiyuae, Kor,n,a OTHOineHiie ^ orpaHHueHO, cyMMbi Bajijie IlycceHa 
flaioT HaHjiyuiuHH nopaflOK npH6jiH>KeHHH pjm jho6oh (pyHKHHH / € C, yjjoBjieTBO- 
pnioiueH ycjioBHio E n _ p (f) ^ KE n (f). 

IlpH p = n cyMMbi Bajijie IlycceHa coBna^aioT c cyMMaMH Oeftepa 



^ n— 1 

cr n _i(/;x) = -Vs t (/; 

71 



fc=0 

a npn p = 1 — c cyMMaMH <Dypbe S n -i(f; x) nopa^Ka n — 1. 

HsyneHHio annpoKCHMaTHBHbix cbohctb cyMM Bajijie IlycceHa Ha pa3JiHHHbix 
(pyHKHHOHajibHbix Kjiaccax nocBHiueHO 3HauHTejibHoe KOJinuecTBO pa6oT, c pe3yjib- 
TaTaMH KOTopbix mojkho 03HaKOMHTbCH, HanpHMep, b pa6oTe [3]. 

Ha Kjiaccax 



H UJ = {feC: \f(x')-f(x")\^u;(\x'-x"\), x',x" eR}, 

rpp oj(-) — 3aflaHHbiit Mo^yjib HenpepbiBHOCTH, TOHHoe 3HaueHHe BejiHHHHbi 

£{H u ;V n , v ) := sup \\f(-)-V n , p (f,-)\\c 
fes u 



npn p = n nojiyueHO b [4, c. 222]. p = l,n — 1, p £ N, Han6ojiee o6mHe 

pe3yjibTaTbi npHHa/i,jiejKaT A.B. EcpHMOBy. B uacTHOCTH, b [5, c. 739] hm /i,OKa3aHO 
cne/ryioiHee cooTHonieHHe: 



£(H U ; V njP ) = A n>p (oj) + 0(l)w(l/n), 



(3) 



me 



( e »(") 1^ n-1 



n—p 



a e n (uj) — BepxHHH rpaHb no Kjiaccy n-ro KoscpcpHHHeHTa Oypbe. H3 (3) cneflyeT, 



hto npn p = 2 



S(H u ;V n n) ^ Ku(l/n) 



(4) 



to ecTb cyMMbi Bajijie IlycceHa peajiH3yioT nopaflOK Hanjiynuiero npn6jiH>KeHHH Ha 
H^. O BejiHHHHe KOHCTaHTM K b (4) mojkho cyzniTb Ha ocHOBaHHH aHajiora Hepa- 
BeHCTBa JIe6era /i;jih cyMM Bajijie IlycceHa (cm., HanpHMep, [6, c. 61]) 



\f(x)-V n , p (f;x)\^( sup \\V n>p (f;-)\\c + l)E n _ p (f). 



(5) 



KaK BbiTexaeT H3 pa6oTbi [7], 



sup ll^,§(/;-)llc 

ll/l|o<l 



1 

2^ 



sin |i 



sin ■ 



1 2^/3 
dt = - + — . 

3 7T 



2 



KpoMe Toro (cm., HanpHMep, [8, c. 261]), jiio6oh cpyHKiiHH / £ C (/ / const) 
BbinojiHaeTCH HepaBeHCTBO 

E m {f)<u(f,^, m = l,2,..., (6) 

a fljia jiio6oit cpyHKiiHH / S C* , r,n,e C* — no,u,MHO>KecTBO cpyHKinili / H3 C, y KOTopbix 
MOflyjib HenpepbiBHOCTH oo(f,t) HBjiHeTca BbmyKjibiM BBepx, — HepaBeHCTBO 

E m (f)^^Jf,-), m=l,2,.... (7) 
B CHjiy (5) h (6) fljia jik>6oh cpyHKinin f £ C npn p = § nojiynaeM 

\f(x)-V n4 (f; X )\<^ + 2 -^)u(f 2 ^), (8) 
a b CHjiy (5) h (7) fljia jiio6oh cpyHKiiHH / G C* 6yfleM hmctb 

\f(x) - V n n(f; X )\ < (J + (9) 

ECJIH / S i^, TO Ha OCHOBaHHH (8) H (9) 3aKJIK>HaeM, HTO 

E{H u -V n ,)<(U 2 ^U-\ (10) 



(11) 



.3 7r / V n 

eCJIH Cj(-) — npOH3BOJIbHbIH MO^yjIb HenpepbiBHOCTH, H 



ecjiH u;(-) — BbinyKjibiii MOflyjib HenpepbiBHOCTH. Bo3HHKaeT Bonpoc: hbjihiotch jih 
oneHKH (8) h (9), a cooTBeTCTBeHHO (10) h (11), HeyjiynmaeMbiMH? B flajibHenraeM 
6yn,eT noKa3aHo, hto b oTHonieHHH (8), (10) h (11) sto He Tax. 

HMeeT MecTo yTBepxc^eHHe. 

TeopeMa 1. Ilycmb f G C. Tozda 

I'M - (' *>l < «('• I) + IffiF »('■ I) + 3 ■ < 12 > 

IloCKOJIbKy 

K'-S+iH'l)+lH'3<-- (/•=)< 

<(l+¥MO <*> 

to oneBH^HO, hto oneHKa (12) yTOHHaeT (8). 

Ecjih / S H^, to H3 (12) nojiynaeM y TBepjK/i,eHHe . 

Cjiedcmeue 1. Ilycmb cj(-) — npou3eo/ibHuu Modynb Henpepuenocmu. Tozda 

/6ir\ 9 /2tt\ 31 /tt\ , , 



3 



YHHTMBaH (13), npnxoflHM k BbiBo^y, hto (14) HBjiaeTCJi 6ojiee tohhoh oueHKoii 
BejiHHHHbi £{H W ] V n ^), neM (10). 3aMeTHM TaKsce, hto b cjiynae, Kor^a HBjiaeTca 
KjiaccoM Iejib^epa H a (t.c u(t) = t a ), oueHKa (14) yTOHHaeT (11) npn Bcex a S 
[0.38,1]. 

/],jih Kjiacca H a mojkho naiiyHHTb ^ByxcTopoHHioio oueHKy BejiHHHHbi 
£{H a \ Vn,~)- A-™ 3Toro Bocnojib3yeMca ycTaHOBjieHHoit b pa6oTe [9, c. 42] oueHKOH 

sup l|/(0 -)\\c> - , nGN, (15) 

feH" (1 + a ) n 

B KOTOpOH 

ao(f) 

-i- 

k=l 



U n -i(f;x) = ^- 1- ^2 Afc,n(afc(/)cos/cx + b k (f)s'mkx), (16) 



Afen — npoH3BOJibHaa 3a,u;aHHaH nocjieflOBaTejibHOCTb fleftcTBHTejibHbix nnceji, a 
a k(f) H &fc(/) — K03(pcpHi];HeHTbi Qypbe cpyHKUHH f(x). IIocKojibKy cyMMbi Baji- 
jie IlycceHa V n< p(f;x) ^onycKaioT npe^CTaBjieHHe b BH^e (16), to H3 TeopeMbi 1 h 
ou,eHKH (15) nojiynaeM cjie^yiomee yTBepjK^eHHe. 

yTBepjK^eHHe 1. IJpu < a ^ 1 UMeem Mecmo deyxcmopoHHnn ov^eHKa 

< 5(F- V n n)<(%- + + ^ ) (17) 



(a + l)n a v ' n '2 y ^7° 5vr 25vr / n a 

B nacTHocTH, npii a = 1 H3 (17) nojiynaeM 



a npn a = | 



2ra v ' "'2' n 



If < 1.555,/-. 

3 V w 2 V n 



/foKasamejibcmeo meopejwbi 1. PaccMOTpHM yxjioHeHHe 

Pn, P (/;a:) :=/(x)-K iP (/;x), x G M. (18) 

IIocKojibKy fljia npoH3BOJibHoit (pyHKUTiii f £ C h p = l,n HMeeT MecTO npe^cTaB- 
jieHHe 

oo _ 
ry f* / / f \ \ COS ~~ ~£ COS t 

Pn,p(f> X ) = — J \fW-f{ X+ n)) ^ dt > XGM < ( 19 ) 



(cm., HanpHMep, [5, c. 750]), to, nojiaran b (19) p = ^, nojiynaeM 

oo 

2ft,, ( t\\ cos 7t — cos i 

Pn lf (/;x) = - y (/(*) -/(* + -) J * 



oo 

2 [ { , , / i \ / i \ \ cos tj — cos t , 
l 2f(x)-f[x + -)-f[x--) ) 2 — 2 dt. (20) 



tt \ \ nJ \ n 
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IloKajKeM, hto Ha KaiKflOM HHTepBajie (xk,Xk+i), k 6 N, x& :=(2k — l)ir, cpyHK- 



S(x) := 2 



COS tt — cos t 



t 2 



dt, x > 0, 



(21) 



HMeeT, no KpaHHeft Mepe, o,hhh hojib. HHTerpnpyn no nacTHM, Haxo/niM 

/ X / X \ 

o(x) = — (4 cos — h 2xSi I — ) — 4 cos x — 4xSi(x) + irx 
yv ; 2xV 2 V2/ { J 

rfle Si(x) — HHTerpajibHbin cnHyc, to ecTb (pyHKinin BH,a,a 



(22) 



Si(x) 



sint 



dt. 



C yneTOM paBeHCTBa 



„./ s vr cosx 

Si (x) = + 

2 x 



cos t 



dt, 



H3 (22) nojiynaeM 



IIoKajKeM, HTO 



X oo 

/ \ n f cost . f 
= 2 J — dt -j 



cost 



dt. 



x/2 



x/2 



(23) 



cos t 



t 2 



dt 



< 2 



■•-k 



cos t 



/- 2 



, x fc = (2/c - l)vr, fc G N. 



z fe /2 

JlerKO BH^eTb, hto 



Zfc/2 



COS t 



dt 



< 



Xfc/2+7T 



cost 

1?~ 



dt 



x k /2 

Ecjih k = 1, to oneBHflHo, hto 

X'fc/2+TT 



Zfc/2 



COS t 



dt 



< 2 



COS t 

"t 2- 



f/t 



Zfc/2 



Zfc/2 



(24) 



(25) 



(26) 



h OTCK),a;a, c yneTOM (25), cpa3y cjie/ryeT (24). 
IlycTB k ^ 2. IIocKOjibKy 



sign 



(x fc +7r)/2 



COS t 
~t2~ 



dt 



fc = 2,3, . . . 



J") " ' ! 



Zfc/2 



5 



sign 



cos t 



t 2 

(Xfe+7T)/2 

(2fe-l)7T 

sign^ 

k 



dt I = sign 



(2fc-l)7T 



COS t 



dt 



kn 



s'mt 



dt) = (-l) k , fc = 2,3,..., 



TO 



cost 



t 2 



■dt 



> 2 



(x fc +vr)/2 



cost 



/- 2 



> 



X k /2+TT 



COS t 



t 2 



dt 



j /c — .2, 3 5 



(27) 



x fc /2 x fe /2 z fc /2 

OGi.eflHHHa (25) h (27) npnxo/i,iiM k (24), H3 KOToporo cjie/jyeT, hto 



( f cos * 
8iga{g(xk)) = sign I 2 / — — dt - 

x k 

sign(^ J ^dt)= (-l) k , x k = (2k - 1)tt, ^N. 

Zfc/2 



(28) 



06o3HaHHM nepe3 HOJib (pyHKinin g(x) Ha HHTepBajie (x k —i,Xk) 

Xk = (2k — k 6 N, Xo = 0. Tor^a, ncnojib3ya o6o3Ha T ieHHa 

TO = 0, 

A(/;x;i/n) := 2/(x) - /fx + -) - /far - -) , 



H3 (20) nojiynaeM 



\pnAf;x)\ 



7T 



fc=0 



^ / A(/;x;t/n) 



cos 4 — COS t 



t< 



dt 



Tk 



^ajiee, nocKaiibKy 



cos \ - cos t _ g(T k ) - g(r k+1 ) 



t 2 



0. 



Tk 



npiixo^HM k HepaBeHCTBy 



\pn,^(f;x)\ ^ - 

2 7T 



A(/;x;t/n)- 



cos I — COS t 



/- 2 



dt 



+ 



+ 



£ / (A(/;x; t /n)-A(/;,;^±l)1 COSs ,: C ° St d: 



k=l 



t 2 



7* 



(29) 
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YHHTbiBaa, hto fljia jho6oh cpyHKHHH / € C BbinojiHHioTca HepaBeHCTBa: 

\A(f;x;t/n)\ < 2u/(/,t/n), i>0 



H 

|A(/;x;f 2 /^)- < 2a;(/, ~ ), *i,*2>0, 
H3 (29) nojiynaeM 

Tl . 

iff, , J cos £ — cost 
|p„, t (/;x)| < -( / w(/,<A0 J ^2 

TO 

OO Tfc+1 

L ^ f (f \ 2t ~ T k -Tk+l\\ ICOS2 -COSt| \ 

+ L / w U' 51 72 * " ( 3 °) 



BbiHHCjieHHa, npoH3BefleHHbie Ha 3BM, noKa3biBaK>T, hto fljia nepBbix nsiTH Hyjieii 
cpyHKHHH g(x) cnpaBe^jiHBbi cjie,a,yioiHHe BKjnoHeHHa: 

n E (2.657,2.66), (31) 



r 2 G (6.83,6.84), (32) 
r 3 G (14.16,14.17), (33) 
r 4 € (19.09, 19.10), (34) 

T6 € (26.41,26.42). (35) 

Toiyja, Ha ocHOBaHHH (31) fljia nepBoro HHTerpajia b npaBofi nacTH (30) mojkcm 
3anncaTb 

T1 t 1 T1 1 / 1 

, „ , , COS t; — COS £ I . „ . / COS 7y COS t , 

u>(f,t/ny- 2_ l dt^cj(f,n/n) I 2 — 2 l - dt < 

T() TO 

2.66 

/„2.66\ / |cos| -costl , „ /,2.66\ 
<"(/,—) / ^ U< 0.786u;(/,— )< 







7n 

AHajiorHHHbiM o6pa30M, yHHTbiBaa (32)-(35), Haxo^HM 



< 0.786 u>[f,-?-). (36) 



T fe + 1 t 



x; / ^(/, |2 ^ Tfc " Tfc+il ) |cos % cost| rf^ 



k=1 r k 



2n J t 2 
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< oW/,^) +oW/,^U 0.019a,f/, ™\ + 
+0.011 w < °- 225 + - 068 « (/>-^~) +0-019 w(/, ^) . (37) 



IIoCKOJIbKy 



„ 3.67\ /„ 3.67 — 7T\ / „ 7T\ / „ 7T 

n / V n J \ nJ \ n 



to H3 (37) nojiynaeM 



4 r fe+i t 



^ / / 2t - Tfc - Tfe + l|\ I COS g - COSt 

/ ^ 72 dt< 



k=1 r k 



/,^)+0.155o;(/,^). (38) 



^ajiee, b cnjiy Toro, hto 

Tfc+l - T k < X k+ 1 ~ Xfc_l = 47T, X k = (2k - 1)7T, G N, 



I1MCCM 



^ ^-r.-r fc+1 |yco S ,-co S t| d ^ 



06i.eflHHaa (30), (36), (38) h (39), npnxo,n,HM k opeHKe 

Kf(/;z)| < ^0.768w(/,^) +0.225 +0.307 

<"(/^) + ilK^)^KO — • < 4 ») 
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